I describe an elementary way of introducing electromagnetic field momentum. By considering a system of a long solenoid and line charge, the dependence of the field momentum on the electric and magnetic fields can be deduced. I obtain the electromagnetic angular momentum for a point charge and magnetic monopole pair partially through dimensional analysis and without using vector calculus identities or the need to evaluate integrals. I use this result to show that linear and angular momenta are conserved for a charge in the presence of a magnetic dipole when the dipole strength is changed.
Introduction
The Feynman disc paradox [1, 2] is a striking illustration of momentum carried by electromagnetic fields. In this paradox, a ring of charges is placed on a rotating disc around a current carrying solenoid. The electric current is then turned off, causing the magnetic field to disappear. The Maxwell-Faraday law
where E MF is the induced (as in Lenz's law) electric field, C is a closed contour and is the magnetic flux through C, implies that the change in the magnetic field induces an electric field in the space around the solenoid. The electric field imparts an impulse on the charge, which changes the angular momentum of the system, seemingly violating the conservation of angular momentum. This paradox is resolved when the angular momentum of the electromagnetic field around the solenoid is taken into account. However, Feynman in his Lectures in Physics [1] did not quantitatively show that the angular momentum contained in the electromagnetic field is equal to the angular momentum imparted to the charge, perhaps because explicitly calculating the electromagnetic momentum is not easy [3] [4] [5] [6] . Furthermore, students who first encounter this paradox typically attempt erroneously to explain it by claiming that the angular momentum of the charge carriers which carry the current in the solenoid is transferred to the ring of charges. They reason that since the current in the solenoid must be varied to change the magnetic field, if one takes both the angular momentum of the ring of charges and the charges in the solenoid into consideration, angular momentum would be conserved and there would be no paradox. (This is not true, because the direction of the angular momentum imparted to the ring of charges depends on the sign of the charge, so if the angular momentum were conserved for one sign of charge, it would not be when the charges are reversed.)
There has been much less discussion in the literature of equivalent but simpler 'paradoxes' involving linear momentum. In one relatively early paper [7] , Calkin used this paradox to derive the relationship between the electromagnetic linear momentum and the transverse vector potential. More recently, Cassenberg [8] described a method of introducing electromagnetic momentum by considering the discharging of a capacitor in a magnetic field and relating the impulse on current to the momentum stored in the field. This example is also used as a textbook exercise [9] . However, Babson et al [10] pointed out that this argument is 'almost entirely wrong' for very subtle reasons.
In this paper, I describe how electromagnetic momentum can be introduced in an elementary way by considering the linear momentum 'paradox' in a system consisting of an infinite solenoid and infinite line charge. Using this system, the dependence of the electromagnetic momentum density on the electric and magnetic fields can be deduced. I then describe a relatively simple method for obtaining the electromagnetic angular momentum of a magnetic monopole-point charge pair. The result is then utilized to demonstrate conservation of linear and angular momenta when the magnetic dipole moment is changed in the presence of a point charge, which is an idealized version of the original Feynman disc paradox. This paper thus provides a concise introduction to electromagnetic momentum and various associated phenomena.
The paper is organized as follows. Section 2 describes how the conservation of momentum in an infinite solenoid and line charge system can be used to deduce the existence of electromagnetic momentum and the dependence of electromagnetic momentum density on electric and magnetic fields. In section 3, the angular momentum of an electric chargemagnetic monopole pair is obtained, and this result is used to show that the linear and angular electromagnetic momenta of a point charge in the presence of a magnetic dipole is conserved. Section 4 contains a summary.
Deducing the existence of the electromagnetic momentum
The standard method for deriving the electromagnetic momentum is to first define an electromagnetic stress tensor ↔ T. Then, Maxwell's equations and a series of vector identities are used to obtain [11] f + 0 μ 0 ∂S/∂t = ∇· ↔ T, where f is the force density (force per unit volume) and S = μ −1 0 E×B is the Poynting vector. This leads to the fact that 0 μ 0 S = 0 E×B ≡ g is the electromagnetic momentum density associated with an electromagnetic field. This derivation is not very physically enlightening, especially for a student encountering the concept of an electromagnetic momentum density for the first time. In this paper, I describe a more transparent way of introducing the concept of electromagnetic momentum, which is similar to but simpler than the Feynman disc paradox.
Consider an infinitely long straight thin wire with the uniform linear charge density λ that is parallel to the z-axis and that passes through a point (R, 0, 0), and an infinitely long thin solenoid of very small circular cross-sectional area A centred on the z-axis, as shown in figure 1 . Figure 1 . Configuration used to show the existence of electromagnetic momentum density g. A thin solenoid with the small circular cross-sectional area A is centred along the z-axis, and a parallel line charge λ is at x = R, y = 0. When the magnetic field in the solenoid is changed, an electric field is generated around the solenoid that imparts an impulse on the line charge in the y-direction and which allows us obtain the dependence of g on the electric and magnetic fields.
Assume that initially there is a uniform magnetic field Bẑ in the solenoid that is turned off in the time interval t = 0 to t = t f , so that there is no magnetic field in the solenoid for t t f . The change in the magnetic flux = −BA induces an electric field around the solenoid. By symmetry, the electric field is in the azimuthal direction and its spatial dependence of the magnitude depends only on s, the distance to the z-axis, i.e. E MF (r, t ) = E MF (s, t )φ, where the subscript 'MF' is used to distinguish it from the Coulomb's law electric field due to the line charge at x = R, y = 0. For a contour C R of a circle of radius R (with R larger than the radius of the solenoid) that is in the x-y plane and is centred at the origin, the line integral in the counterclockwise direction is
Substituting this into equation (1) gives
Integrating equation (3) over time from t = 0 to t = t f gives
Since the electric field is in the azimuthal direction, at the position of the line charge that is on the positive x-axis, the electric field is in the y-direction. The impulse per unit length P λ on the line charge λ at x = R, y = 0 due to E MF is
The impulse imparts linear momentum on the line charge. Therefore, for linear momentum to be conserved, there must have been linear momentum in the system before the magnetic field was turned off. If there were no line charge or no magnetic field in the solenoid, there would be no impulse on the line charge and hence no linear momentum would be imparted to the line charge. This suggests that the electromagnetic momentum density is in regions of space, which contain both electric and magnetic fields. The only region of space that contains both electric and magnetic fields is within the thin solenoid along the z-axis.
The electric field due to the line charge along the z-axis (i.e. inside the solenoid) is E = Ex, where E = −λ/(2π 0 R). Therefore, the momentum per unit length contained in the electromagnetic field given by equation (5) can be written as − 0 EBAŷ. Hence, the electromagnetic momentum density (i.e. per unit volume), which is the momentum per unit length divided by the area, is g = − 0 EBŷ. Assuming that the electromagnetic momentum density is a local function of both the electric and the magnetic fields g(E, B), the only way to produce a vector g = − 0 EBŷ out of the vectors B = Bẑ and E = Ex is
Hence, the conservation of linear momentum and the assumption that the electromagnetic momentum density depends on local electric and magnetic fields imply that g(E, B) must have the form given in equation (6).
Consistency check
In order to check the consistency of this result, instead of a line charge, we can perform an analogous calculation for a single point charge Q at r = (R, 0, 0). If the field of the solenoid is changed from Bẑ to zero, the induced electric field imparts momentum
on the charge Q.
The electric field as a function of position inside the solenoid along the z-axis due to the point charge is
and therefore, the momentum density within the solenoid is
Integrating the momentum density of the magnetic field within the solenoid gives the total electromagnetic momentum of
Thus, the momentum is conserved since P Q = P EM .
Hidden momentum
There is a subtle effect, referred to as the hidden momentum, associated with the motion of a current in a loop in the presence of a potential field [12, 13] . It is a purely kinematic relativistic effect and has nothing to do with electromagnetism. The presence of hidden momentum is necessitated by a theorem that states that in a static system, the centre of energy is stationary, and hence, the total momentum must be zero [13, 14] . Hence, when there is a static magnetic field in the solenoid, the hidden momentum per unit length due to the current in the solenoid is equal in magnitude and opposite in direction to the electromagnetic momentum inside the solenoid. The physical explanation of the hidden momentum is as follows. Assume for simplicity that the current in the solenoid is caused by positive charges, and the line charge at x = R, y = 0 is positive. For these choices of signs of charges, the electric potential energy of the currentcarrying charges on the far side of the solenoid from the line charge (x < 0 in figure 1) is lower than the near side (x > 0 in figure 1) . By conservation of energy, the kinetic energy and hence the average speed of the current-carrying charges are larger on the far side than on the near side.
The magnitude of the current density in the solenoid j = λ s v, where λ s is the currentcarrying charge density in the solenoid and v is the average speed. In a steady-state situation, j in the solenoid must be constant. This implies that λ s on the far side of the solenoid will be slightly less than on the near side, because of the difference in the average speed of the charges. If the momentum were strictly proportional to the velocity, then the magnitude of the momentum would be strictly proportional to the current and the momentum density would also be constant in the solenoid. However, the momentum is not proportional to velocity, but is in fact P = γ mv, where γ = (1 − v 2 /c 2 ) −1/2 . This results in the magnitude momentum on the far side of the solenoid being larger than the magnitude of the momentum on the near side, resulting in a non-zero net mechanical momentum of the current-carrying charges in the solenoid. It can be shown [10, 12] that in the case of closed current loops, the hidden momentum is equal to P hid = c −2 m × E (where m is the magnetic moment of an infinitesimal current loop), or equivalently the hidden momentum density per unit volume is p hid = c −2 M × E, where M is the magnetic moment per unit volume, or magnetization. A solenoid with uniform field B can be obtained by having magnetization M = B/μ 0 inside the solenoid, so the hidden momentum per unit volume inside the solenoid is P hid = c
, which is exactly opposite to the electromagnetic momentum density.
Does the presence of the hidden momentum affect the argument given above for the existence of electromagnetic momentum? The answer is 'no'. When hidden momentum is taken into account, the total momentum per unit length of the system is zero, because the hidden momentum and the electromagnetic momentum cancel each other (as required by the stationary centre of energy theorem [14] ). As the current in the solenoid is turned off, the magnetic field in the solenoid tends to zero, as does the electromagnetic momentum in the solenoid. As described in the beginning of this section, this momentum is transferred to the line charge by the induced Maxwell-Faraday electric field E MF . On the other hand, the hidden momentum, being purely mechanical in origin, is transferred to the structure of the solenoid and remains within the solenoid when the solenoid current is turned off. Thus, the total momentum of the system is still zero, i.e. is conserved, since the line charge and the solenoid have equal and opposite momenta per unit length; the line charge picks up the momentum that was originally in the electromagnetic field, and the structure of the solenoid picks up the momentum that was originally in the hidden momentum.
Note that the hidden momentum is not at all equivalent to the erroneous student argument to explain the angular momentum paradox mentioned in section 1. The hidden momentum is the linear momentum caused by a circulating current in the presence of a potential (in this case, electric) field and is a purely relativistic effect, while the erroneous student argument is an attempt to explain the Feynman paradox by ascribing angular momentum to the circular motion of the charges around the solenoid and is a purely non-relativistic argument.
Angular momentum due to point electric charge and magnetic monopole
Using g = 0 E × B, we now derive the electromagnetic field angular momentum for a point charge Q and magnetic monopole q m pair is [15] [16] [17] 
where R is displacement of the magnetic monopole from the dipole, without using vector calculus or evaluating any integrals. This important result was used by Dirac to argue that if a single magnetic monopole were observed, then electric charge must be quantized [17] . We subsequently use this to derive quantitatively the linear and angular momenta due to a point charge in the presence of a magnetic dipole.
A magnetic monopole is a (as yet unobserved) source of magnetic field, which is analogous to that of a point charge for an electric field. The fields at position r for the electric and magnetic monopoles at the origin have the form
where r = |r|. This result can be derived to within a dimensionless factor from dimensional analysis. First, note that the electromagnetic angular momentum of the a point charge and magnetic monopole pair is independent of the origin, because the total linear momentum of the system is P em = g d 3 x = 0. 1 The vanishing of P em can be deduced from the fact that g = 0 E × B points in the azimuthal direction and is azimuthally symmetric with respect to the R direction 2 . Since L em for the point charge-magnetic monopole pair is independent of origin, let us choose the origin to be at the position of the point charge. Using equation (12), we obtain
Note that Qq m has units of angular momentum. The integral in the square brackets in equation (13) is dimensionless and is a vector quantity that depends only on R, since the variable r is integrated over 3 . The only function that meets these conditions is CR/R, where C is as yet an undetermined dimensionless constant. This implies that
where C is determined next.
Determining C
Consider a magnetic monopole q m at the origin, and two circular capacitor plates of area A, which are oriented parallel to the x-y plane with their axes along the z-axis, at z = ±l, where l √ A, as shown in figure 2 . The plate at z = +l has the charge density −σ and the one at z = −l has the charge density +σ . We can deduce C by writing the electromagnetic angular momentum of the magnetic monopole in between the capacitor plates in two different ways, and comparing the results.
Method 1:
. The electric field due to the charged plates is in the +ẑ direction. Within the closely separated capacitor plates, except for a negligibly small volume near the z-axis, the B-field due to the magnetic monopole points essentially points radially outwards from the z-axis; therefore, in between the capacitor plates, E × B is in the azimuthal direction and r × (E × B) is in theẑ-direction. Since E and B are essentially perpendicular, and r and E × B are essentially perpendicular, r × (E × B) has the magnitude 1 This is because a shift in the origin r 0 changes the angular momentum by d 3 x r 0 × g = r 0 × P em . 2 An alternative argument for P em = 0 is given in [17] . Because P is a vector, and since the only relevant vector in this case is R, it must be that P ∝ R. However, the integrand E(r) × B(r) for all points r is always perpendicular to R because the displacement vectors from the charge and magnetic monopole to r are in the same plane as R. 3 The integral does not diverge at r = 0 and r = R because of phase space factors r 2 dr and r 2 dr (where r = r − R), respectively. At r = ∞, it also converges because the integrand goes to 1/r 4 in this limit. rEB. The electric field in between capacitor plates of charge density σ is E = σ / 0 and the magnetic field due to the monopole is B = q m /4π r 2 . Therefore,
where V is the volume between the capacitor plates and A is the area of one capacitor plate. Method 2: L em using equation (14) . The second way to evaluate the angular momentum is to consider the plate charges to be point charges spread uniformly over the plates. The L em is a integral of the angular momentum due to the pairing of every charge element on the plates with the magnetic monopole, which by equation (14) would be
where R is the vector from the charge element dQ to the magnetic monopole. The electromagnetic angular momentum due to the charged plates and the magnetic monopole is
where '+' and '−' correspond to the positive and negative charged plates, respectively. Thus, the total field angular momentum, using |r ± lẑ| ≈ r (since r l for most of the integration over A) is 
Comparing equations (18) and (15) gives C = (4π ) −1 , yielding equation (11).
Using this result to show the conservation of angular and linear momentum of a magnetic dipole
The result in equation (11) can be used to show quantitatively what Feynman did not in his textbook-when the magnetic dipole changes in the presence of a point charge, the linear and angular momenta are conserved. Let us assume that there is a point magnetic dipole m at the origin and a point charge Q at r. It can now be shown relatively easily that the linear and angular momenta imparted to the charge are equal to the momenta stored in the electromagnetic fields. The linear momentum of this system is the sum of the linear momenta of the three magnetic 'sources', i.e. the two magnetic monopoles and the contact term, in the presence of the point charge. As noted earlier, the net linear momentum due to the magnetic monopoles and the point charge is zero. Therefore, the linear momentum is solely due to the contact term, which easily evaluated because B cont is a δ-function, giving
